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We investigate galactic rotation curves in f(T ) gravity, where T represents a torsional quantity.
Our study centers on the particular Lagrangian f(T ) = T + αTn, where |n| 6= 1 and α is a small
unknown constant. To do this we treat galactic rotation curves as being composed from two distinct
features of galaxies, namely the disk and the bulge. This process is carried out for several values
of the index n. The resulting curve is then compared with Milky Way profile data to constrain the
value of the index n while fitting for the parameter α. These values are then further tested on three
other galaxies with different morphologies. On the galactic scale we find that f(T ) gravity departs
from standard Newtonian theory in an important way. For a small range of values of n we find good
agreement with data without the need for exotic matter components to be introduced.
PACS numbers: 04.50.Kd, 95.35.+d
I. INTRODUCTION
Over the past several decades, the consistent
missing mass or dark matter problem has at-
tracted increasing interest in modified and al-
ternative theories of gravity. This is one of
the biggest potential contentions between gen-
eral relativity (GR) and observational astronomy
[1]. In fact, in essentially every observed galaxy,
it appears that the expected rotational veloci-
ties of Newtonian gravity do not conform with
the measured values. Since the discrepancy was
first noted, observational techniques have drasti-
cally improved, making it possible to study and
constrain the motions of luminous matter with
much greater precision [2] then ever before. The
ΛCDM model solves this problem by assuming a
much larger dark form of matter present in every
galaxy and cluster of galaxies. However, over the
decades no observation has confirmed the exis-
tence of this material either way [3–5].
The unmodified Newtonian picture treats each
galaxy as a collection of N individual sources
with a typical mass M, and then combines
the respective Newtonian potentials. This gen-
erates a global outline of the Newtonian poten-
tial. Assuming a thin disk shaped galaxy with
an exponential radial light distribution Σ(R) =
Σ0e
−R/βd , where βd is the disk scale radius and
Σ0 characterizes the central surface brightness,
the resulting circular velocity for a test particle
at a radial distance R from the center of the disk
∗andrew.finch.12@um.edu.mt
†jackson.said@um.edu.mt
is given by the Freeman formula [6, 7]
ve
TEGRd
2 =
NMGR2
2β3d
[
I0
(
R
2βd
)
K0
(
R
2βd
)
−I1
(
R
2βd
)
K1
(
R
2βd
)]
,
(1)
where G is Newton’s constant of gravity, and In
and Kn (n = 0, 1) are modified Bessel functions
of the first and second kind respectively [8].
The central surface brightness distribution can
not be expressed by the disk on its own. As such
another component of the galaxy, the bulge com-
ponent, is defined. These bulges have a higher
stellar concentration than the stellar disk. The
bulge mass distribution is approximately spheri-
cally symmetric, with stellar orbits being roughly
circular. Thus the individual sources would fol-
low the velocity relation [10]
VeTEGRb =
√
GMb(R)
R
, (2)
where the mass, Mb(R), is determined through
the surface density calculation [11]
ρ(R) =
1
pi
∫ ∞
R
dΣb(x)
dx
1√
x2 −R2 dx, (3)
and Σb(R) is the de Vaucouleurs profile for the
surface mass density
Σb(R) = ΣbeExp
[
−κ
((
R
Rb
)1/4
− 1
)]
, (4)
with κ = 7.6695, Σbe = 3.2 × 103 Mpc−2, and
Rb = 0.5 kpc. In the following work, we follow
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2suit and treat these two observable regions sepa-
rately.
Teleparallel gravity is one alternative to GR
where the mechanism by which gravitation is
communicated is torsional rather than curvature
based. This theory was first proposed by Ein-
stein himself in order to unify gravitation and
electromagnetism [12]. The equivalent reformu-
lation remained dormant until the relatively re-
cent resurgence in alternative and modified theo-
ries of gravity. Now, the resulting theory is equiv-
alent at the level of equations and phenomenol-
ogy. However, the resulting action can be gener-
alized much like the f(R) proposition. This is the
origin of the distinction between the two theories
in that the equivalence no longer holds. In fact,
while the f(R) field equations are fourth order,
the f(T ) field equations are second order.
Galactic rotation curves were first tackled in
f(T ) gravity in Ref.[13]. While this study pro-
vides promising results there are some issues with
the procedure and theory. Firstly, in the work,
the separate regions of galaxies are not treated
individually. Secondly, the mass profile is consid-
ered to be spherically symmetric. This may be
true for the surrounding dark matter halo but not
for the luminous matter segment of the galaxy.
Finally, the choice of tetrad, eaµ, for the metric
should be treated with somewhat different field
equations. We expand on this in section II but
the main point is that certain choices of tetrad
require an associated quantity (spin connection)
to be defined so that the theory continues to re-
spect local Lorentz invariance, as explained in
Ref.[14]. However, the work does result in flat
rotation disks in general.
The paper is divided as follows. In section II we
give a brief overview of f(T ) gravity with an em-
phasis on the relevant solution to the field equa-
tions. In section III the mechanics of galactic
rotation curves are worked through for the cur-
rent setting. The resulting dynamics are then
applied to Milky Way data for several instances
of the general model under consideration in sec-
tion IV. The best model is highlighted, and then
a three-parameter fitting for the bulge and disk
masses as well as the new coupling parameter
is described and determined. In section V, we
tackle the broader problem of galaxies with other
morphologies. Finally, the results are discussed
in section VI.
II. f(T ) GRAVITY
GR and its modifications are largely based on
the metric tensor, gµν , which solves the field
equations and acts as the fundamental dynamical
variable. The metric acts as a potential quan-
tity with curvature being represented through
the Levi-Civita connection (torsion-free), Γλµν . In
teleparallelism this connection is replaced by the
Weitzenbo¨ck connection, Γˆλµν . This new connec-
tion is curvature-free and is based on two funda-
mental dynamical variables, namely the tetrads
(or vierbein) and the spin connection. The
tetrads, eaµ, are four orthonormal vectors that
transform inertial and global frames in that they
build the metric up from the Minkowski metric
by means of an application of this transforma-
tion. They also observe the metricity condition.
Physically, they represent the observer and can
be related to the metric tensor by means of [15]
gµν = ηabe
a
µe
b
ν . (5)
where ηab = diag(1,−1,−1,−1). The tetrads
obey the following inverse relations
eaµe
ν
a = δ
ν
µ e
a
µe
µ
b = δ
a
b . (6)
These conditions are not enough to fully con-
strain the tetrad, and so there is an element of
choice in forming the tetrad frames.
The other necessary ingredient to describe
f(T ) gravity is the spin connection, ωbaµ [14, 16].
This is not a tensor and its particular form de-
pends heavily on the system under consideration,
that is, it accounts for the coordinate system such
that the theory remains covariant. The choice of
tetrad plays a deciding factor in whether the spin
connection vanishes or not. This leads to a divi-
sion in tetrads [17], there are pure tetrads whose
associated spin connection vanishes, and impure
tetrads who spin connection gives a nonzero con-
tribution. In the current case, we will consider
pure tetrads and so will not consider the spin
connection any further.
With the introduction of the spin connection,
the tetrad remains the fundamental dynamical
field on the manifold since every tetrad ansatz
produces a well-defined associated spin connec-
tion. The question of the inheritability of solu-
tions in GR to teleparallel gravity is then resolved
since TEGR is equivalent to GR at the level of
equations [14]. As vacuum GR solutions are also
solutions to f(R) gravity, TEGR (or GR) solu-
tions are also solutions of f(T ) gravity.
3In GR, curvature is communicated between
tangent spaces through the Levi-Civita con-
nection. Teleparallel gravity rests on the
Weitzenbo¨ck connection which takes the form of
[18]
Γˆλµν = e
λ
a ∂µe
a
ν . (7)
This naturally leads to the torsion tensor [15]
Tλµν = Γˆ
λ
µν − Γˆλνµ. (8)
While the resulting TEGR theory is equivalent
to GR at the level of equations, the ingredients
leading up to this are not. The difference between
the Weitzenbo¨ck and the Levi-Civita connections
is represented by the contorsion tensor
Kµνa =
1
2
(
T µνa + T
νµ
a − Tµνa
)
. (9)
Lastly, the superpotential tensor is introduced
S µνa = K
µν
a − e νa Tαµα + e µa Tανα. (10)
This is defined purely for convenience in the re-
sulting equations [15] but plays an important role
in the gravitational energy-momentum tensor of
teleparallel gravity. These tensors can be con-
tracted to form the torsion scalar, T = T aµνS
µν
a ,
which is the Lagrangian for TEGR.
The distinction between GR and TEGR can
now be made clearer, i.e. the relationship be-
tween the Ricci scalar, R and the torsion scalar,
T , can be expressed explicitly. The difference
between the two quantities obviously lies in a
boundary term since they produce the same the-
ory at the level of equations [15]. The distinction
in the difference can be quantified through [19]
R(e) = −T +B, (11)
where B = 2e∂µ
(
eTλλµ
)
= 2∇µTλλµ is the
boundary term. This relation represents the
source of the disparity between the f(R) and
f(T ) generalizations since the boundary term no
longer remains a total divergence term when the
generalization is taken. Thus, GR and TEGR
would be indistinguishable in terms of observa-
tions. However, while astrophysical observations
cannot test distinctions between curvature and
torsion, they can compare the predictions of the
models available. Once enough tests have been
compiled, a multi-test survey would be the best
way to compare and contrast the individual mod-
els of the two theories.
Thus, taking the Lagrangian −T +B will pre-
cisely reproduce the Ricci scalar. As with the
generalization of the GR Lagrangian to the f(R)
class of theories [20, 21], TEGR can also be gen-
eralized to f(T ). However, the relation between
the resulting theories stops being equivalent since
f(R) 6= f(−T )+B (f(R) = f(−T +B)). In fact,
the ensuing field equations are unique in that, out
of the three possible quantities involved, namely
R, T , and B, f(T ) is the only Lagrangian that
produces second order field equations [19, 22].
Therefore the action with arbitrary functional
form of the torsion scalar, f(T ), is given by
S =
1
4κ˜
∫
d4xef(T ), (12)
where κ˜ = 4piG and e = det
(
eaµ
)
. Taking a
variable with respect to the tetrad results in the
field equations [15]
E µa ≡ e−1fT∂ν (eS µνa ) + fTTS µνa ∂νT
− fTT bνaS νµb +
1
4
f(T )e µa = κ˜Θ
µ
a , (13)
where Θ µa ≡ 1e δLmδeaµ , fT and fTT denote the first
and second derivatives of f(T ) with respect to T ,
and Lm is the matter Lagrangian.
In Ref.[23], the power-law instance of the La-
grangian is investigated, i.e. f(T ) = T + αTn
where α is a coupling constant and |n| 6= 1 is
any other real number. The following weak field
solution is found
ds2 = (1 +A(r))dt2 − (1 +B(r))dr2
− r2dθ2 − r2 sin2(θ)dφ2, (14)
where
A(r) = −2GM
r
− α r
2−2n
2n− 32
3n−1, (15)
and
B(r) =
2GM
r
+ α
r2−2n
2n− 32
3n−1 (16)
(−3n+ 1 + 2n2). (17)
For this case the torsion scalar is defined as
follows
T =
(−1−B(r))(3 +B(r))
r2
)
× [1 + 1 +B(r)
2
+ r(1 +A(r))A′(r)]
(18)
4In the limit of vanishing α, GR is again recov-
ered. By determining the galactic rotation curve
dynamics for this solution, we will investigate the
effect of various n values on the resulting behav-
ior.
III. GALACTIC ROTATION CURVES IN
f(T )
In order to determine the rotational curve pro-
file we consider a point particle with energy, E,
and angular momentum, L, performing orbits
about the galactic core. In the following we in-
vestigate this type of orbit with a focus on the
effective potential. We then use this result to de-
termine the velocity profile for the disk and the
bulge separately.
A. Effective Potential
In order to obtain an effective potential we fol-
low the procedure described in Wald [24]. We
start by determining the conservation relations
for the energy and angular momentum from the
background metric in Eq.(14). These are given
by
E = −gµνζµuν = (1 +A(r)) dt
dτ
, (19)
and
L = gµνΨ
µuν = r2
dϕ
dτ
, (20)
where ζµ = (δ/δt)µ and Ψµ = (δ/δφ)µ are the
static and rotational killing vectors respectively.
The background metric naturally leads to the ra-
dial differential relation below
1=
E2
(1 +A(r))
− (1 +B(r))
(
dr
dτ
)2
− L
2
r2
,
(21)
where Eqs.(19–20) were used.
The effective potential, Ve, can be read off from
Eq.(21) by comparison with Ref.[24](
dr
dτ
)2
=
E2
2
− Ve. (22)
As a gravitational source, the system under con-
sideration is not being treated as having any ro-
tation, and so we can set L = 0. Finally, if we
assume roughly circular orbits, i.e.
dr
dτ
= 0, and
simplify the resulting expression, then we find an
effective potential
Ve =
(1 +A(r))
2
=
1
2
− GM
r
− α r
2−2n
2n− 32
3n−2. (23)
Here we see that the effective potential includes
the GR potential as well as an extra f(T ) contri-
bution which can be divided as follows
Ve
TEGR
=
1
2
− GM
r
, (24)
and
Veα = −α
r2−2n
2n− 32
3n−2. (25)
Since the velocity contribution of the GR po-
tential is known, we will now continue with the
derivation for the f(T ) component.
With the effective potential in hand, it is now
possible to obtain the velocity curve profile. To
do this, we consider the centripetal and gravita-
tional acceleration equations [25]
ac =
v2
r
, (26)
and
ag = −dVeff
dr
. (27)
Assuming circular paths for the orbiting stars
and dust, the effective velocity profile for the cen-
tral mass turns out to be [6]
veff
2 = −r dVeff
dr
, (28)
where the potential is inherently negative.
B. Disk and Bulge
Given the geometric diversity of the galac-
tic disk and bulge regions, the two sectors are
treated separately in the following calculations.
In particular, the core contrast in the treatment
is related to the difference in their mass density
distributions which clearly affects the whole cal-
culation due to the stark change in the effective
potential.
51. Disk
In order to determine the velocity curve profile
of the disk component of galaxies we follow the
method developed in [26–28]. Consider a system
of N galactic bodies. The calculation of the ve-
locity profile will necessarily involve the sum of
the combined potential of the individual sources
within the galaxy. To measure the potential for
a particular position with radius R, all other
source will be summed together. Consider the
nth source with radius R′ from the galactic cen-
ter; the distance between the position where the
potential is being measured and the nth source
will be denoted by r. This is depicted in Fig.(1)
where cylindrical coordinates are used.
FIG. 1: For a position with radius R, the
relative distances of an nth source are shown,
where the radius of the source is denoted by R′,
and the r represents the distance between the
source and the position where the potential is
being measured. All distances are in cylindrical
coordinates.
With this picture in mind, we can proceed to
express the unknown radius r in terms of other
radial terms as follows
r = (R′2 +R2 − 2RR′ cos (φ− φ′)
+ (z − z′)2) 12 , (29)
where z′ is the height of the nth source, and (φ, z)
represents an arbitrary reference position which
we choose to take as the origin.
In order to obtain the combined potential of
the whole disk we integrate over the whole range
of source positions available
Ve
αd
= −α2
3n−2
2n− 3
∫
ρr2−2ndV
= −α2
3n−2
2n− 3
∫ ∞
0
dR′
∫ 2pi
0
dφ′
×
∫ ∞
−∞
dz′R′ρ(R′, z′)r2−2n, (30)
where ρ is the mass density distribution given by
[29]
ρ(R′, z′) =
δ(z′)M0Ne
−R′βd
β2d2pi
, (31)
where M0 represents one solar mass, N is the
total number of sources in the disk sector, and
βd is the scale radius of the galactic disk.
It is at this point that the index n cannot be
left arbitrary in value, i.e. we must consider a set
of values in order to proceed. The division is as
follows: Integer values in the range −∞ < n < 0,
n = 0, all values in the ranges 0 < n < 1 and
1 < n < 32 . The core of the problem has to do
with the expansion of the radial factor in the last
integral of Eq.(30). For the instances of integer
values in the range −∞ < n < 0 and n = 0, this
results in the integral
Ve
αd
= −α2
3n−2
2n− 3
∫ ∞
0
dR′
∫ 2pi
0
dφ′
∫ ∞
−∞
dz′R′
× δ(z
′)M0Ne
−R′βd
β2d2pi
[
R′2 +R2
−2RR′ cos (φ− φ′) + (z − z′)2]1−n .
(32)
The calculations for the other ranges are pre-
sented in the appendices since they are more in-
tricate. The resulting velocity curve profiles for
the disk sector are given below for various n val-
ues
n = −4 :
ve
αd
2 =
α M0 N 5 R
90112
(
R9 + 120R7β2d + 7200R
5β4d
+ 201600R3β6d + 1814400Rβ
8
d
)
, (33)
n = −3 :
ve
αd
2 =
α M0 N R
2304
(
R7 + 72R5β2d + 2160R
3β4d
+ 20160Rβ6d
)
, (34)
n = −2 :
ve
αd
2 =
α 3 M0 N R
896
(
R5 + 36R3β2d + 360Rβ
4
d
)
,
(35)
6n = 0 :
ve
αd
2 =
α M0 N R
2
6
, (36)
0 < n < 1 :
Ve
αd
=− α 2
3n−2 N M0
(2n− 3) 2pi β2d
∫ ∞
0
dR′R′e−
R′
βd(
2pi (R2 +R′2)−1−nΓ(n)
{
(R2 +R′2)2
× 2F1
[
{n
2
,
1 + n
2
}, {1}, 4R
′2R2
(R2 +R′2)2
]}
− 2nR′2R22F1
[
{1 + n
2
,
2 + n
2
}, {2},
4R′2R2
(R2 +R′2)2
])
. (37)
This range of n results in an integral that does
not have a solution. Thus we solve it numerically
in the next section.
1 < n < 32 :
ve
αd
2 =
α 8n−2 N M0R2β−5−2nd Γ(4− 2n)Γ(n− 32 )
(2n− 3)Γ(n− 1)(
4n
√
piR3−2nβ2nb
[
4(5− 2n)β2b
×
1F2
[
{ 32}, {pi2 − n, pi2 − n}, R
2
4β2d
]
Γ(pi2 − n)Γ(pi2 − n)
+ 3R2
1F2
[
{ 52}, { 92 − n, 92 − n}, R
2
4β2d
]
Γ( 92 − n)Γ( 92 − n)
]
− 128β5bΓ(n)
1F2
[
{n}, {2, n− 12}, R
2
4β2d
]
Γ(2)Γ(n− 12 )
)
.
(38)
2. Bulge
The bulge velocity profile calculation differs
from the disk significantly in that it can be com-
pleted independently of the value of n. Follow-
ing Refs.[29, 30], we initially treat the bulge as a
spherical mass which straightforwardly leads to
ve
αb
2 = R
dVe
αb
dR
= R
d
dR
(
−αR
2−2n
2n− 32
3n−2
)
M
= −α 2
3n−2(2− 2n)
(2n− 3) R
2−2nM. (39)
For this region of the galaxy, the spherical
mass distribution can be described through the
de Vaucouleurs profile shown in Eq.(4) which di-
rectly leads to the modified velocity profile
ve
αb
2 = −α 2
3n−2(2− 2n)
(2n− 3) R
2−2nM(r), (40)
where the mass is calculated through the density
distribution in Eq.(3) and
M(r) =
∫
ρ(r)dV , (41)
which can turned into an integration over the in-
dividual spherical shells, giving
M(r) = 4pi
∫ R
0
ρ(r)r2dr. (42)
The contribution from the modified f(T ) grav-
ity terms to the velocity profile then turns out to
be
ve
αb
2 =
α 23n−2(2− 2n)
(2n− 3) R
2−2n
∫ R
0
×
∫ ∞
r
dΣb(x)
dx
r2√
x2 − r2 dxdr
=
α 23n−2(2− 2n)
(2n− 3) R
2−2n
×
8388608
(
1
βb
) 1
4
κ Σbe e
κ Mg(R)
pi3
(
κ8
β2b
) 9
8
 ,
(43)
where Mg(R) is the Meijer G–function defined
through [31]
Mg(R) ≡
G8,11,9
(
R2κ8
16777216β2b
∣∣∣∣∣ 198 , 54 , 118 , 32 , 32 , 138 , 74 , 158 , 0
)
.
(44)
For the TEGR case, using the potential in
Eq.(24) in the calculation in Eq.(39) leads di-
rectly to the velocity profile
ve
TEGRb
2 =
8388608κG
(
1
βb
) 1
4
Σbe e
κ Mg(R)
pi3 R
(
κ8
β2b
) 9
8
,
(45)
where βb is the bulge scalar radius [30].
Now that both velocity profile sectors are de-
rived, the full velocity profile can be derived for
7the f(T ) = T + αTn Lagrangian. This results in
the velocity profile
v =
√
ve
TEGRd
2 + ve
TEGRb
2 + ve
αb
2 + ve
αb
2,
(46)
where both TEGR and modified f(T ) gravity
components are added for the disk and bulge seg-
ments of the galaxy.
IV. THE MILKY WAY GALAXY
In the first part of this section we compare re-
sults for the velocity profile with Milky Way data
using the combined velocity equations in Eq.(46)
to determine the best range of values of n in the
Lagrangian, f(T ) = T + αTn. At this stage,
we simply fit for the constant α. In the second
part of the section the determined best range of
n will be used to fit for the surface mass density
of the bulge Σbe, the mass of the disk, M and the
coupling constant α to further test the velocity
profile against real world data.
A. Determination of best range of index n
The data set being utilized is collected from
two sources, namely Refs.[30, 32]. A represen-
tative sample of this data is shown in Table I;
this spans the breath of the region under consid-
eration. Here, R is the radial galactic distance
shown in Eq.(29), v is the rotational velocity of
the sources at that radial distance, and eu and
el are the upper and the lower error bars of the
velocity values respectively.
In Table II we present the necessary values
of the constants to calculate the rotation curve
profile contribution of the Milky Way bulge and
disks for the various ranges of n respectively [30].
8FIG. 2: f(T ) gravity rotational velocities with n values from −4.0 to 1.4. The coupling constant
for each graph was obtained through fitting as governed by Eq.(47). The data points are rotational
velocity values obtained from a combination of two data sets, namely Refs.[30, 32]. The red dashed
curve represents the general relativistic rotation curve while the full green curve represents the fitted
f(T ) velocity curve with the resulting α value being indicated in every case. In all instances, the
difference between the GR and the fitted f(T ) value is shown.
9TABLE I: Sample of the galactic rotation curve data. Column (1): radial distance from the galactic
center. Column (2): velocity at that radial position. Column (3): upper error bar value. Column (4)
lower error bar value. The columns then iterate for further data points
R v eu el R v eu el R v eu el
(1017km) (km/s) (km/s) (km/s) (1017km) (km/s) (km/s) (km/s) (1017km) (km/s) (km/s) (km/s)
0.03 201.76 2.50 2.50 1.75 212.03 2.00 2.00 2.60 192.56 3.46 3.46
0.13 251.56 2.50 2.50 1.82 204.58 9.04 9.04 2.70 199.12 4.32 4.32
0.30 217.03 4.00 4.00 1.88 204.04 16.83 16.83 2.81 193.00 6.50 6.50
0.42 208.59 2.00 2.00 1.92 245.23 15.30 15.30 2.88 162.47 18.10 18.10
0.56 201.98 3.00 3.00 1.95 180.74 12.41 12.41 2.92 169.07 9.09 9.09
0.68 204.63 0.00 0.00 2.00 216.10 0.00 0.00 2.94 190.70 13.82 13.82
0.76 191.10 0.00 0.00 2.05 209.41 2.00 2.00 2.98 220.83 6.95 6.95
0.84 188.88 1.50 1.50 2.10 214.97 2.00 2.00 3.16 142.04 6.03 6.02
0.91 193.56 1.50 1.50 2.16 205.62 0.00 0.00 3.23 167.94 4.06 4.05
0.99 187.70 1.50 1.50 2.21 208.82 2.00 2.00 3.32 170.27 38.81 38.81
1.05 195.48 1.50 1.50 2.24 206.46 0.00 0.00 3.46 205.63 9.82 9.81
1.12 197.20 0.00 0.00 2.28 205.94 3.72 3.72 3.58 207.49 7.26 7.25
1.20 202.86 0.00 0.00 2.32 202.04 0.00 0.00 3.65 215.11 29.35 29.36
1.27 235.31 0.00 0.00 2.35 201.71 0.00 0.00 3.81 203.36 10.18 10.18
1.34 212.73 0.00 0.00 2.38 207.99 0.00 0.00 3.93 222.50 17.00 17.00
1.39 212.71 1.50 1.50 2.42 238.75 22.00 22.00 4.20 241.58 5.92 5.92
1.48 208.20 1.50 1.50 2.44 213.15 0.00 0.00 4.66 259.06 19.36 19.36
1.54 212.53 1.50 1.50 2.46 203.04 0.00 0.00 5.09 213.22 70.44 70.44
1.61 207.16 1.50 1.50 2.47 200.07 0.00 0.00 10.49 170.37 6.93 6.93
1.64 209.15 1.50 1.50 2.50 202.09 1.04 1.04 16.63 157.89 19.57 19.57
1.71 253.14 1.69 1.69 2.57 270.52 0.66 0.66 27.57 143.95 29.49 29.49
TABLE II: Disk and Bulge Values
Disk
N M0 βd
(1010) (1030kg) (1017km)
6.5 1.988 1.08
Bulge
Σbe βb κ
(106kg km−2) (1016km)
6.68 1.543 7.66945
The velocity profile presented in Eq.(46) can
now be used to find suitable values of the cou-
pling parameter, α. We do this by employing
a least-squares approach to minimize the differ-
ence between the predicted and observed val-
ues. This is performed by setting v(Rm)e
αb
2
=
αu(Rm)e
αb
2
and v(Rm)e
αd
2
= αu(Rm)e
αd
2
and
using the relation
α ≈ 1
Dmax
Dmax−1∑
m=0
v2m −
(
ve
TEGRd
2 + ve
TEGRb
2
)(
ue
αb
2 + ue
αb
2
) .
(47)
Here Dmax represents the size of the data set, i.e.
the number of velocity points considered.
In Fig.(2) we present plots for a range of values
of n with best fits for α; this ranges from n = −4
to n = 1.4. The corresponding GR plot is also
being shown. Each plot consists of data points
with associated error bars, the GR prediction for
the Milky Way galaxy, and the best fit curve for
the f(T ) model being considered where the cou-
pling parameter α is being fitted. On a similar
note, every plot has an embedded figure show-
ing the difference between the best fit and the
GR result. As both predicted curves plateau so
does their associated difference in the embedded
figure.
The first row shows negative values of n where
the behavior of the best fits are fairly similar in
that they quickly diverge for data points in the
disk region. Moreover, the predicted curves are
completely nonphysical. In the following row, the
special case of n = 0 is considered. This corre-
sponds to Einstein’s GR with a constant similar
to the cosmological constant. However, in this
case the constant is designed to account for the
anomalous rotation curves of galaxies. Naturally,
the constant gives a near linear increase in veloc-
ity against the galactic radius. Again, the re-
sulting velocity curve is unrealistic. The linear
behavior is best seen in the embedded figure. As
with the instances of negative n, the behavior
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FIG. 3: Best fit model for the rotation profile in f(T ) gravity for the Milky Way galaxy with
n = 1.00001 and fit coupling parameter α = −2.428+1.303−1.577 × 10−34km2.00002kg−1s−2.
performs worse when compared with GR.
Next we consider the 0 < n < 1 range. The
predictions from the f(T ) functional model be-
come much more promising in this region as com-
pared with the preceding values. As with the
previous cases, the behavior in the core of the
galaxy is relatively well behaved. Although as
larger radial values are considered, we find that
the predicted curve overshoots the velocity curve
data points. The predicted curves get better as
the value of n approaches unity. However, this
value of n was excluded from the solution pre-
sented in Eq.(14) [23]. In the limit of n actually
taking on the unity value, the Lagrangian tends
to a re-scaling of GR.
Finally the 1 < n < 32 range is investigated
against the Milky Way velocity curve. These
provide the best behavior of graphs from all the
ranges considered in this work. As in the other
plots, a cut-off value for the maximum radius
considered is set to R = 3× 1018. The predicted
velocity profile does not have much interest for
us beyond that point. The basic result from this
range of values of n is that as n gets closer to
unity the resulting velocity curve profiles behave
better as compared to the observational points in
question.
The best behaved value of index of the f(T )
Lagrangian is given by n = 1.00001 which re-
sults in the best fit coupling parameter α =
−2.428+1.303−1.577 × 10−34km2.00002kg−1s−2. This is
shown in Fig.(3). The resulting curve agrees with
GR in the core part of the galaxy with slight
variations in the central region. The difference
between the two curves then plateaus, with the
f(T ) function behaving better against observa-
tion than GR without dark matter contributions.
B. The three parameter fitting
Heaving determined that the best range of val-
ues for n is 1 < n < 32 , we now move to the
next stage of the process which is to produce
a three parameter fitting for the f(T ) rotation
curve. This method should fit the surface mass
density of the bulge Σbe, the Mass of the Disk
M and the coupling constant α. In this case,
the fitting function proves to be nonlinear and as
such an iterative method accompanied by a cross
validation fitting is employed to determine these
three parameters.
The results of this fit are presented in Table III
where the first column consists of the tested val-
ues of n, the second column is the minimized sum
of the square of the residuals for the fitting func-
tion used, S, the third and fourth columns are the
fits for the surface mass density of the galactic
bulge, Σbe, and the mass of the disk, M , respec-
tively and the final column is the fit for the cou-
pling constant α. The resulting plots from these
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TABLE III: Fit of Bulge Surface Mass Density,
Disk Mass and f(T ) Coupling Constant Values
n S Σb M α
106 kg km−2 1010 M km2nkg−1s−2
1.4 4.44× 1028 5.78 3.30 −1.03× 10−25
1.3 1.24× 1010 5.66 7.62 −7.68× 10−31
1.2 7.69× 109 5.56 3.04 −1.47× 10−31
1.1 7.87× 109 6.21 2.26 −2.69× 10−34
1.01 6.75× 109 5.97 7.49 −1.74× 10−47
1.001 8.38× 109 5.51 7.43 −1.08× 10−45
1.0001 2.45× 1010 5.76 7.21 −1.15× 10−45
1.00001 2.78× 109 5.94 4.08 −4.51× 10−34
1.000001 1.43× 1029 6.49 3.56 −5.82× 10−33
values can be seen in Fig.(4). From the plots it is
possible to narrow down the best fit to two values
of n, namely n = 1.00001 and n = 1.000001. The
choice between these two instances can then be
made using the second column of Table III. The
S values for n = 1.00001 and for n = 1.000001
are 2.78× 109 and 1.43× 1029 respectively. This
clearly indicates that n = 1.00001 provides us
with the best f(T ) rotation curve fit. The
best fit value for n results in a bulge surface
mass density of 5.94× 106 kg km−2, a disk mass
of 4.08 × 1010M and a coupling constant of
−4.51× 10−34 km2n kg−1 s−2. The Surface mass
density of the bulge Σbe is directly related to the
bulge mass through the equation
M(r) = 4
∫ R
0
∫ ∞
r
dΣb(x)
dx
r2√
x2 − r2 r
2dxdr,
(48)
where
Σb(x) = ΣbeExp
[
−κ
((
x
βb
)1/4
− 1
)]
. (49)
Given the fit values for Σbe and using Eq.(48)
and Eq.(49), the total mass of the bulge can be
calculated to be 1.2 × 1010M. Thus, this gives
a total galactic luminous matter mass of 5.36 ×
1010M for the Milky Way.
FIG. 4: f(T ) gravity rotational velocities with n values ranging from 1.4 to 1.000001, with a fitted
bulge surface mass density Σbe, disk mass M and coupling constant α.
We now compare this value to known values for the mass of the Milky Way without dark mat-
12
FIG. 5: Best fit model for the rotation profile in f(T ) gravity for the Milky Way galaxy with
n = 1.00001 and fit coupling parameter α =−4.51× 10−34 km2n kg−1 s−2, bulge surface mass
density of 5.94× 106 kg km−2 and disk mass 4.08× 1010M.
ter. Ref.[36] reports a total combined mass of
5.22× 1011M of the Milky Way which includes
the dark matter contribution. In Ref.[35], it is
given that the bulge mass is 0.91±0.07×1010M
and the disk mass is 5.17 ± 1.11 × 1010M giv-
ing a total mass of 6.08 ± 1.14 × 1010M. The
total mass of these contributions to the galaxy
obtained in this work agrees with the order of
the total masses from both Ref.[35] and Ref.[36].
Furthermore, the values of the total mass, and
the disk mass obtained here even fall within
the error bars of the respective masses given by
Ref.[35].
Finally we compare this fit, which for ease of
reference is given in Fig.(5), with the best fit
while just fitting for α, Fig.(3). With this new
three parameter fitting the f(T ) rotation curve
successfully interprets the rotational data profile
at the inner parts of the galaxy while still re-
taining the plateau effect obtained in the first fit.
Having a value of n that is greater than 1 also
prevents the possibility that the velocity curve
will tend to infinity at larger radii, which would
lead to an unrealistic prediction.
V. WHAT ABOUT OTHER GALAXY
MORPHOLOGIES?
In this section we consider three other galaxies
apart from the Milky way which adhere to sep-
arate galaxy morphologies. Specifically we con-
sider the bright spiral galaxy NGC 3198, the low
surface brightness galaxy UGC 128 and the irreg-
ular dwarf galaxy DDO 154. These were chosen
so as to test the fit on different types of galax-
ies since these clearly exhibit their own separate
morphologies.
The rotation curve data for these galaxies is
shown in Table V. The data used for NGC 3198
and UGC 128 was obtained from Ref.[33], and
the data for DDO154 was obtained from Refs.[33,
34].
TABLE IV: Best fit of Galactic Mass for NGC 3198, UGC 128 and DDO 154
Name βd MGR n M α Refs
1016 km 1010 M 1010 M 10−34 km2nkg−1s−2 βd MGR
NGC3198 9.69 4.500 1.00001 2.49 -4.51 [33] [37]
UGC128 18.36 4.300 1.00001 2.47 -4.51 [33] [38]
DDO154 1.23 0.003 1.00001 0.15 -4.51 [39] [39]
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In these three cases the surface mass density of
the galaxies’ bulges, Σbe, is assumed to be zero
as they are variants of disk galaxies. The mass of
their disks, M , was fit while keeping the coupling
constant α fixed at the value obtained by the best
fit of the Milky Way in the previous section. The
results for the fit can be seen in Table IV. The
first column of Table IV represents the name of
the galaxy considered, the second column gives
the disk scale radii, βd, the third column gives the
galactic masses as predicted by GR, MGR and
the fourth gives the value of the constant n at
which these galaxies were fit. The fifth and sixth
columns provide the fitting values for the disk
masses and the value of the coupling constant α
considered respectively. Finally the last column
provides the data sources for βd and MGR. Using
these results the three plots shown in Fig.(6) were
generated.
The first galaxy considered, NGC 3198, is
a bright spiral galaxy [37]. The data avail-
able clearly shows that the rotational velocities
plateau at around 150 km s−1. Using the same
fitting method used to fit the f(T ) rotation curve
for the Milky Way results in a luminous matter
disk mass of 2.49× 1010 M. The mass obtained
is of the expected order and is smaller than the
mass predicted by GR. Overall the f(T ) fit is by
far more accurate than the General Relativistic
one. Up to a galactic radius of around 3×1017 km
the rotation curve fits perfectly with the data,
while further out the predicted curve falls below
the velocities of the data points. The reason for
this drop in the fit curve may be attributed to the
fact that no spiral arm equation was included in
the fit which could also be the partly the reason
why the mass is somewhat less than expected.
The second galaxy considered was UGC 128,
a low surface brightness disk galaxy [40]. Here
the data points once again produce an evident
plateau at around 140 km s−1. Once again the
order of the disk mass is as expected though the
magnitude is smaller than that predicted by the
GR values. It should be noted that in both this
case and the case of NGC 3198 the masses where
fit while also fitting for the mass of non-luminous
matter. As such, the larger values can, at least
in part, be attributed to a missing distribution
of mass from non-luminous to luminous. From
the plot in Fig.(6.2) we observe that the f(T ) fit
is accurate throughout accept for a drop in the
data velocity magnitudes between 3×1017km and
7× 1017km.
The third and last galaxy considered, DDO
154, is an irregular dwarf galaxy. In this case it
proved not possible to fit the f(T ) rotation curve
to the data points. This can clearly be seen in
the last plot presented in Fig.(6.3). The reason
for this is that most of DDO 154’s mass is dom-
inated by a distribution of gasses [39] that can
neither be classified as being part of the disk nor
a type of bulge. As such in order to correctly test
this galaxy and others like it one would have to
derive the correct velocity contributions of such
gas distributions. The red dashed line is the GR
disk contribution which also behaves much worse
than the other galaxy morphology types.
FIG. 6: In these plots the full green curve
represents the f(T ) gravity rotational veloc-
ity curves with n = 1.00001, with α =
−4.51× 10−34 km2n kg−1 s−2, and with masses
as shown in Table IV. The red dashed curve rep-
resent the general relativistic rotation curve and
the data points are the rotational velocity data
sets provided in Table V.
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TABLE V: Galactic rotation curve data for NGC 3198, UGC 128 and DDO 154. Column (1): radial
distance from the galactic center. Column (2): velocity at that radial position. Column (3): error bar
value.
Name R v ev Name R v ev Name R v ev
1016km km s−1 km s−1 1016km km s−1 km s−1 1016km km s−1 km s−1
NGC3198 0.99 24.40 35.90 UGC128 3.86 34.10 18.80 DDO154 1.45 13.80 1.60
NGC3198 1.97 43.30 16.30 UGC128 11.57 78.40 6.54 DDO154 1.51 13.80 1.60
NGC3198 2.96 45.50 16.10 UGC128 19.29 96.90 2.44 DDO154 2.87 21.60 0.80
NGC3198 3.95 58.50 15.40 UGC128 27.03 108.00 1.26 DDO154 3.05 21.60 0.80
NGC3198 4.97 68.80 7.61 UGC128 34.71 113.00 1.00 DDO154 4.32 28.90 0.70
NGC3198 5.96 76.90 10.30 UGC128 42.40 114.00 0.86 DDO154 4.57 28.90 0.70
NGC3198 6.91 82.00 8.09 UGC128 50.05 121.00 0.68 DDO154 5.74 34.30 0.50
NGC3198 7.93 86.90 7.60 UGC128 57.73 126.00 0.55 DDO154 6.08 34.30 0.50
NGC3198 8.92 97.60 3.03 UGC128 65.73 128.00 0.63 DDO154 7.19 38.20 0.40
NGC3198 9.91 100.00 5.31 UGC128 73.41 129.00 0.61 DDO154 7.62 38.20 0.40
NGC3198 10.92 107.00 7.51 UGC128 81.09 129.00 0.65 DDO154 8.61 42.00 0.20
NGC3198 11.88 113.00 7.32 UGC128 88.78 131.00 0.73 DDO154 9.13 42.00 0.20
NGC3198 12.87 117.00 5.21 UGC128 96.43 131.00 0.83 DDO154 10.06 44.60 0.20
NGC3198 13.89 119.00 5.67 UGC128 104.11 131.00 0.75 DDO154 10.68 44.60 0.20
NGC3198 14.87 127.00 5.39 UGC128 111.79 127.00 1.24 DDO154 11.48 46.30 0.20
NGC3198 15.89 132.00 4.34 UGC128 119.79 126.00 1.40 DDO154 12.19 46.30 0.20
NGC3198 16.85 134.00 2.36 UGC128 127.47 130.00 1.62 DDO154 12.93 47.40 0.30
NGC3198 17.84 137.00 0.89 UGC128 135.15 132.00 2.01 DDO154 13.70 47.40 0.30
NGC3198 18.82 140.00 2.84 UGC128 142.81 134.00 2.10 DDO154 14.38 48.20 0.60
NGC3198 19.84 142.00 0.88 UGC128 150.49 129.00 2.66 DDO154 15.24 48.20 0.60
NGC3198 20.80 144.00 1.23 UGC128 158.17 132.00 4.67 DDO154 15.80 47.40 0.70
NGC3198 21.79 146.00 1.57 UGC128 165.86 125.00 5.95 DDO154 16.76 47.40 0.70
NGC3198 24.81 147.00 3.00 - - - - DDO154 17.25 45.50 1.30
NGC3198 27.89 148.00 3.00 - - - - DDO154 18.27 45.50 1.30
NGC3198 30.98 152.00 2.00 - - - - DDO154 21.54 43.80 1.50
NGC3198 34.07 155.00 2.00 - - - - DDO154 25.86 41.00 2.00
NGC3198 37.18 156.00 2.00 - - - - - - - -
NGC3198 43.35 157.00 2.00 - - - - - - - -
NGC3198 49.59 153.00 2.00 - - - - - - - -
NGC3198 55.94 153.00 2.00 - - - - - - - -
NGC3198 61.87 154.00 2.00 - - - - - - - -
NGC3198 68.26 153.00 2.00 - - - - - - - -
NGC3198 74.15 150.00 2.00 - - - - - - - -
NGC3198 80.54 149.00 2.00 - - - - - - - -
NGC3198 86.89 148.00 2.00 - - - - - - - -
NGC3198 92.82 146.00 2.00 - - - - - - - -
NGC3198 99.17 147.00 2.00 - - - - - - - -
NGC3198 105.10 148.00 2.00 - - - - - - - -
NGC3198 111.46 148.00 2.00 - - - - - - - -
NGC3198 117.84 149.00 2.00 - - - - - - - -
NGC3198 123.74 150.00 2.00 - - - - - - - -
NGC3198 130.12 150.00 3.00 - - - - - - - -
NGC3198 136.02 149.00 3.00 - - - - - - - -
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VI. CONCLUSION
In this paper we have considered galactic rota-
tion curves in f(T ) gravity while taking f(T ) =
T + αTn as the working model of the gravita-
tional action. A weak field metric [23] was uti-
lized for this purpose. We compared various re-
gions of values for the index n with observations
of the Milky Way, and three other galaxies which
represented other galaxy morphologies. In all
cases, the galactic velocity profile was dealt with
in terms of a bulge and a disk radial region. This
way of decomposing a galaxy better explains the
various segments that make up the profile. For
every fitted parameter being considered, Eq.(46)
was used to determine the combined effect on the
final velocity profile.
The Milky Way galaxy was then used to deter-
mine which regions of n are more realistic than
others. For each index value, we fit the unknown
coupling parameter α. Besides the effect on the
value of this constant, the various values of n also
had an effect on the units of the constant. In the
grid figures of Fig.(2), we show plots of all the re-
gions under consideration. The index regions of
negative n, n = 0, and 0 < n < 1 are discarded
due to their velocity profile never vanishing for
very large radii. Moreover, the intermediate re-
gion behaves very poorly in several instances of
those regions.
The most promising region for n is 1 < n < 32 .
For values of n close to 1, rotation curves were
produced which fit very well with large values
of R. These curves also harbored the possibility
of eventually going to zero if the limitations of
the functions used were to be surpassed. Such
a property is also important as it means that
galactic potentials would not interfere on the cos-
mological scale which would cause serious prob-
lems in the theory. The only disadvantage of this
range of values of n with this type of fitting is
that there is a slight overshooting of the velocity
profile for the region of R between 0.1× 1018km
and 0.4 × 1018km. That being said, the curve
is still within the error bars for a large part of
the data points available. One potential solution
would be to consider a variation of the telepar-
allel Lagrangian being investigated in this work,
possibly a combination of power laws. Unfortu-
nately, as of yet metrics for such Lagrangians do
not exist in teleparallel gravity but are intended
to be developed and tested in the near future.
For the Milky Way, the best fit galactic veloc-
ity profile in this formulation of f(T ) gravity was
found when applying a multi parameter fitting in-
stead of just a fitting for the coupling constant α.
Through this fitting we conclude that n = 1.0001
gives the best fit accompanied by a bulge sur-
face mass density of 5.94 × 106 kg km−2, a disk
mass of 4.08 × 1010M and a coupling constant
of −4.51× 10−34 km2n kg−1 s−2. With these pa-
rameters no problems are observed in the small
R limit and it fits perfectly with the whole data
range given while conserving the possibility that
the curve eventually falls to zero. The resulting
masses for the galactic components were also con-
sistent with current luminous matter estimates.
The other three galaxies that were considered
were NGC 3198 (bright spiral galaxy [37]), UGC
128 (low surface brightness disk galaxy [40]), and
DDO 154 (an irregular dwarf galaxy). These
were considered to test the dexterity of the gen-
eral result for large variance in the components
being considered. In Figs.(6.1-6.2), a bright
spiral galaxy and a low surface brightness disk
galaxy are fit consistently for parameter values
also found for the Milky Way. This shows the
broadness of the result. In Ref.[41] a series of
low surface brightness galaxies were considered
in the power-law incarnation of the generalized
f(R) class of theories. The results in that case
were similarly relatively good when compared to
GR. These types of galaxies are supposed to be
dark matter dominated in comparison to other
types of galaxies however using power law models
in either f(R) or f(T ) (present case) the rotation
curve profiles can be almost entirely accounted
for using a modified gravitational action.
In the case of the irregular galaxy shown in
Fig.(6.3), the fit is very poor due to the dom-
inance of a third component in the galaxy dy-
namics, namely the role of gas. It would be very
interesting to model this component using the
f(T ) Lagrangian being advanced in this work.
In Ref.[42], this very case is considered for the
power-law model in f(R) theory. The results
are very promising and cast further doubt on the
need for a dark matter contribution to describe
the galactic rotation curve profile. This would be
the natural next step for our analysis.
While the work conducted is promising, it is
of paramount importance that such results are
tested with regards to larger galaxies surveys
that include weighted proportions of the vari-
ous galaxy morphology types. The parameters
obtained here are to be compared with those ob-
tained in each case and if the model allows, a best
fit for all galaxy types is to be acquired. This
proposed analysis would also test the universal-
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ity of the coupling parameters, namely n and α.
A larger multi-galaxy analysis of the results ob-
tained here is thus intended to be conducted in
a future work. Moreover, it would be of utmost
interest to compare this model with other modi-
fied theories of gravity, such as the f(R) gravity
models advanced in Refs.[41, 42] among others.
Beyond the question of the need for dark matter,
the galactic rotation curve profile problem may
also advance the question of a preferred model of
gravity.
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Appendix I: Calculating the velocity profile
for the range 0 < n < 1
For the region 0 < n < 1, the velocity curve
can be represented through the integral
Ve
αd
= − α2
3n−2M0N
(2n− 3)β2d2pi
∫ ∞
0
dR′
∫ 2pi
0
dφ′
×
∫ ∞
−∞
dz′R′δ(z′)e−
R′
βd r2−2n. (50)
Noting that
r = (R′2 +R2 − 2RR′cos(φ− φ′)
+ (z − z′)2) 12 , (51)
we define a new variable x such that
x1−n ≡ r(2−2n)
=
(
r2
)1−n
= (R′2 +R2 − 2RR′cos(φ− φ′)
+ (z − z′)2)1−n. (52)
Assuming that the value of n is restricted be-
tween but not including 0 and 1, we define the
following inverse transformation
F (k) =
∫ ∞
0
e−xk
x
(
x1−n
)
dx
= kn−1Γ(1− n), (53)
for the function
f(x) = x1−n
=
1
Γ(n)
∫ ∞
0
xe−kxkn−1dk. (54)
With this new expression for x1−n in hand, we
substitute it into Eq.(50). Assuming a flat disk
and noting that∫ ∞
−∞
δ(z′)z′e−kz
′
dz′ = 0, (55)
and ∫ ∞
−∞
δ(z′)e−kz
′
dz′ = 1, (56)
we obtain the following form for this equation
Ve
αd
= − α2
3n−2M0N
(2n− 3)Γ(n)β2d2pi
∫ ∞
0
dk kn−1
×
∫ ∞
0
dR′R′e−
R′
βd
∫ 2pi
0
dφ′xe−kx. (57)
Substituting for x and integrating with respect
to φ′ we find that∫ 2pi
0
dφ′xe−kx =
e−R
2k−R′2k
[
2pi
(
R2 +R′2
)
I0 (2RR
′k)
− 4piR′RI1 (2RR′k)
]
. (58)
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Integrating with respect to k we obtain the fol-
lowing form of the potential
Ve
αd
=− α 2
3n−2 N M0
(2n− 3) 2pi β2d
∫ ∞
0
dR′R′e−
R′
βd(
2pi (R2 +R′2)−1−nΓ(n)
{
(R2 +R′2)2
×2F1
[
{n
2
,
1 + n
2
}, {1}, 4R
′2R2
(R2 +R′2)2
]}
−2nR′2R22F1
[
{1 + n
2
,
2 + n
2
}, {2},
(59)
4R′2R2
(R2 +R′2)2
])
. (60)
this last integral has to be worked through nu-
merically since no analytic solution exists. This
is shown in the respective velocity profiles shown
in Fig.(2).
Appendix II: Calculating the velocity profile
for the range 1 < n < 3
2
For the case of Lagrangian index in the range
1 < n < 32 , the velocity curve profile takes on the
following effective potential
Ve
αd
= − α2
3n−2M0N
(2n− 3)β2d2pi
∫ ∞
0
dR′
∫ 2pi
0
dφ′
×
∫ ∞
−∞
dz′R′δ(z′)e−
R′
βd r2−2n. (61)
As in the first appendix, we set the following
transformation and inverse transformation pair
s
F (k) =
∫ ∞
0
J0(kr)
(
r2−2n
)
dr
=
41−nk2n−3Γ( 32 − n)
Γ(n− 12 )
, (62)
and
f(r) = r2−2n
=
23−2nΓ(2− n)
Γ(n− 1)
∫ ∞
0
k2n−3J0(kr)dk. (63)
Given that the integral involves a Bessel func-
tion, we need the following relation to move for-
ward in the calculation [8]
J0(kr) =
∞∑
m=−∞
Jm(kR)Jm(kR
′)emi(φ−φ
′)−k(z−z′),
(64)
Considering the galaxy as a flat disk and using
∫ ∞
−∞
δ(z′)ekz
′
dz′ = 1, (65)
we find that
Ve
αd
= − α2
3n−2M0N
(2n− 3)β2d2pi
(
23−2nΓ(2− n)
Γ(n− 1)
)
×
∫ ∞
0
dkk2n−3
∫ ∞
0
dR′R′e−
R′
βd
×
∫ 2pi
0
dφ′
∞∑
m=−∞
Jm(kR)Jm(kR
′)emi(φ−φ
′).
(66)
We now note that m = 0 is the only value for
which the integral gives a non-zero value for the
φ′ integral. After integrating over R′ and k as in
Ref.[8, 28] we obtain the final form of the effective
potential contribution
Ve
αd
= −α2
3n−2M0NΓ(4− 2n)Γ(n− 32 )
(2n− 3)β3d64
×
4n√piR5−2n 1F2
[{
3
2
}
,
{
7
2 − n, 72 − n
}
, R
2
4β2
]
Γ(n− 1)Γ( 72 − n)2
+
64β5−2n 1F2
[
{1− n} ,{1, n− 32} , R24β2 ]
Γ(1)Γ(n− 32 )

(67)
Finally we use Eq.(28) to obtain the velocity
curve equation for this region.
v2e
αd
=
α8n−2M0NR2β−5−2nΓ(4− 2n)Γ(n− 32 )
(2n− 3)Γ(n− 1)(
42
√
piR3−2nβ2n
[
4(5− 2n)β2
×
1F2
[{
3
2
}
,
{
7
2 − n, 72 − n
}
, R
2
4β2
]
Γ( 72 − n)2
+3R2
1F2
[{
5
2
}
,
{
9
2 − n, 92 − n
}
, R
2
4β2
]
Γ( 92 − n)2

−128β5Γ(n)
1F2
[
{n} ,{2, n− 12} , R24β2 ]
Γ(2)Γ(n− 12 )

(68)
